We test the validity of the weak cosmic censorship conjecture for the (2 + 1)-dimensional charged anti-de Sitter black hole solution, which was derived by Martinez, Teitelboim, and Zanelli (MTZ). We first construct a thought experiment by throwing test charged particles on an extremal MTZ black hole. We derive that extremal (2 + 1) dimensional black holes can be overcharged by test particles, unlike their analogues in 4 and higher dimensions. Nearly-extremal black holes can also be overcharged, by a judicious choice of energy and charge for the test particles. We ignore back-reaction effects which could possibly restore the event horizon.
I. INTRODUCTION
Penrose and Hawking have shown that gravitational collapse leads inevitably to curvature singularities [1, 2] . The weak cosmic censorship conjecture (WCCC) proposed by Roger Penrose asserts that naked spacetime singularities (not hidden behind an event horizon) must be forbidden in a physical universe (see [3] for a review). The conjecture exists so far without concrete proof and is generally considered a fundamental law of general relativity. If the conjecture is violated somehow, the exposed singularity may provide a window to test the theories of quantum gravity. The validity of the conjecture has been tested via numerous Gedanken experiments for extremal and near-extremal black holes in the literature. The first Gedanken experiment in this vein was constructed by Wald. He showed that particles which carry sufficient charge or angular momentum to overcharge or overspin an extremal Kerr-Newman black hole are not absorbed by the black hole [4] . This result was also generalised to scalar test fields [5, 6] Later, Hubeny proposed a different approach where one starts with a nearly extremal black hole instead of an extremal one [7] . She showed that it could be possible to overcharge a nearly extremal Reissner-Nordström black hole by using tailored charged particles. This approach was also applied to Kerr and Kerr-Newman black holes [8, 9] . Later backreaction effects were considered for these cases to prevent the horizon from being destroyed [10] [11] [12] . It is observed that backreaction effects usually prevent the formation of naked singularities. However, de Felice and Yunqiang showed that an extremal Reissner-Nordstrom black hole may be turned into a Kerr-Newman naked singularity after capture of a flat and electrically neutral spinning body [13] . Recently, * Electronic address: koray.duztas@emu.edu.tr similar conclusions have been drawn by over-charging the higher dimensional nearly extremal charged black holes using the new version of gedanken experiment [14] . The same question was analysed for test fields instead of particles. Similar results were found for Kerr black holes interacting with bosonic test fields [15] [16] [17] . However, the interaction with massless Dirac fields can lead to the destruction of extremal black holes [18, 19] . The effect of Hawking radiation was also incorporated in the problems involving test fields [20] .
The quantum connection was analysed in [21] [22] [23] [24] [25] [26] [27] . The validity of WCCC was also investigated for the asymptotically anti-de Sitter case [28] [29] [30] [31] . No violation of the weak cosmic censorship conjecture was found around the five-dimensional Myers-Perry black holes [32] . Siahaan showed that if one ignores the self-force, self-energy and radiative effects, an extremal or a nearextremal Kerr-Sen black hole can turn into a naked singularity when it captures charged and spinning massive particles [33] . It was also shown that test fields can destroy the event horizons of extremal and nearly extremal Kerr-Taub-NUT black holes [34] . Recently, Wald has published new versions of his original thought experiment [35, 36] .
In literature, the first test of WCCC for the case of (2 + 1)− dimensional extremal spinning Banados,Teitelboim, Zanelli(BTZ) black holes was performed by Rocha and Cardoso [37] , where they concluded that BTZ black holes cannot be overspun. Later it was shown that overspinning is possible if one starts with a nearly extremal BTZ black hole instead [38] . The charged black hole solution for the (2 + 1)− dimensional case was derived by Martinez, Teitelboim and Zanelli [39] . In this work we are motivated by Hubeny to test the validity of WCCC in the case of massive charged particles interacting with MTZ black holes carrying electric charge but no spin. In the work of Hubeny and its recent generalization to higher dimensional black holes by Revelar and Vega [40] , the authors concluded that nearly extremal black holes can be overcharged, though extremal black holes cannot. Here we answer the question whether this can be also be generalised to the (2 + 1)− dimensional case. We shall use the conventions c = G = 1, and ignore back-reaction effects.
II. OVERCHARGING (2 + 1) DIMENSIONAL BLACK HOLES
We start with the Einstein-Hilbert-Maxwell action:
In the following, we shall fix Λ = −l −2 equal to unity. After solving the field equations in Hamiltonian form with the assumptions of rotational symmetry and time independence, Martinez-Teitelboim-Zanelli (MTZ) obtained the following solution representing a charged black hole without angular momentum [39] 
where
The function f (r) has a minimum at r min = Q/2. The value of this function at its minimum is
There are three possibilities to characterize the spacetime: If f (r min ) = f (Q/2) < 0, there exists two roots of f (r). Then we have a usual black hole with r + , and r − , as the inner and outer horizons. If f (r min ) = f (Q/2) = 0, the two roots coincide and we have an extremal black hole. If f (r min ) = f (Q/2) > 0, there are no real roots of f (r), hence we have a naked singularity. The case of extremal black holes corresponds to f (Q/2) = 0. Since f (r + ) = 0 by definition, for an extremal black hole, we have r + = Q/2.
In Wald type Gedanken experiments we start with an extremal or a nearly extremal black hole satisfying the relevant equations. Then, we send in test particles or fields from infinity. After test particles or fields interact with the black hole the space-time settles to its final configuration, with new parameters of mass, angular momentum, charge etc. Finally we check if the final configuration of parameters represent a black hole or a naked singularity. Here, we test the validity of WCCC for a MTZ black hole interacting with test charged particles. The general equations of motion of a test particle of mass m charge q in a curved background are given bÿ
which can be derived from the Lagrangian
where A = −Q ln(r)dt, i.e. A 0 = −Q ln(r). The associated conserved quantities are the energy and angular momentum of the particle, respectively as follows:
and
Usually one needs to evaluate the energy equation (7) with (8) and the condition −1 = g µνẋ µẋν to find an expression for the minimum energy so that the particle crosses the horizon. In this case there are no off-diagonal terms in the metric. The equation (7) is sufficient for us to conclude that, at r = r + , the energy of the particle at the horizon is E min = qQ ln(r + ). (f (r + ) = 0 by definition) Thus we get the lower bound as
The above constraint is consistent with the fact thatṙ 2 > 0 for all r ≥ r + [7] . If the energy of the particle is lower than E min it cannot cross the horizon, i.e. it will not be absorbed by the black hole.
A. Extremal black holes
For a black hole solution, we require f (r min ) ≤ 0, i.e.
where we have defined δ. Note that the function
vanishes at Q = 0 and (Q/2) 2 = e, but has a maximum at (Q/2) 2 = 1 (or Q = 2), which is equal to 1. Thus, if M > 1, δ is always larger than zero so we have a black hole with r + and r − . We have to consider the cases M < 1 to overcharge black holes. Let us start with an extremal black hole with δ in = 0. We perturb this black hole with particles which have energy E and charge q. Notice that, since M < 1, we have r + < 1, thus the minimum energy to have the particle absorbed by the black hole is negative. We derive the maximum energy for the particle by demanding that the final configuration of the space-time parameters rep-resent a naked singularity, i.e. δ fin < 0.
Under a reasonable assumption that particle's charge is considerably smaller than black hole's charge, let us choose q = ǫQ (where ǫ ≪ 1) for the charge of our particles so that the test particle approximation is not violated. In that case
For small ǫ, we can make the expansions ln
, and ln(1 + ǫ) 2 ≃ 2ǫ − ǫ 2 . Then, retaining terms up to second order
We can rewrite (11) as
Working up to second order in ǫ and using δ in = 0, we derive that
(13) The right hand side of the inequality is positive for (Q/2)
2 < e (−2ǫ)/(ǫ+2) . Our black hole satisfies M < 1, therefore r + < 1, and (Q/2) 2 < 1. The minimum energy at the horizon is negative. Still it is legitimate to choose a positive energy for particles at infinity. Thus, an extremal black hole can be overcharged with two choices. We choose the charge of our incoming particles q = ǫQ, and their energies in the range 0 < E < E max , where E max is given by (13) . Fig. 1 shows the plot of the maximum energy. Since E min is negative, for each specific Q we can choose any value of E under the curve, and q = ǫQ to overcharge the black hole. For a numerical example let us start with an extremal black hole with (Q/2) 2 = 0.5. Since δ in = 0, M = 0.8466 up to four significant digits. Let q = ǫQ with ǫ = 0.01, we get E max = 0.006866. We see that E max < ∼ M ǫ, so that the test particle approximation is not violated. Let us choose E = 0.006 < E max for our test particle. Then δ fin is given by
The negative sign indicates that the black hole is overcharged into a naked singularity.
FIG. 1: Graph of maximum energy Emax against charge Q.
Here we choose ǫ = 0.01.
B. Nearly Extremal Black Holes
The form of the function f (r) does not allow us to find an analytical solution for r + . Since the case r + = Q/2 corresponds to extremal black holes, it is convenient to parametrize a nearly extremal black hole by
where ǫ is considerably smaller than unity. We substitute this value in the equation f (r + ) = 0. Using
We get
which implies
So, we start with a nearly extremal black hole with δ in , given by (16) . Again we demand δ fin < 0 so that the nearly extremal black hole is overcharged. We proceed the same way as the extremal case to derive that E < E max where
The behavior of maximum energy is similar as shown in Fig. 1 . For a numerical example, let us choose (Q/2) 2 = 0.5. Using δ in = 2ǫ 2 (Q/2) 2 , we find that M = 0.84667. (17) implies that E max = 0.006766. Let us choose E = 0.006 < E max . δ fin is given by
The negative sign for δ fin shows that nearly extremal black holes can also be overcharged.
III. CONCLUSION
In this paper, we have investigated the validity of the weak cosmic censorship conjecture for the charged MTZ black hole. We evaluated the cases of both the extremal and near-extremal black holes. In Wald type problems one derives a minimum and a maximum energy for the particles. If the energy of the particle is less than the minimum energy E min , the particle is not absorbed by the black hole. On the other hand if the energy is larger than E max the black hole cannot be overcharged. If E min < E max , there exists a range of energies which allows us to overcharge black holes into naked singularities. We have shown that, the (2 + 1) dimensional charged black holes dissociate from their 4 and higher dimensional analogues in two respects: The minimum energy at the horizon is negative, and extremal black holes can be overcharged. Nearly extremal (2 + 1) dimensional black holes can also be overcharged similar to the 4 and higher dimensional cases.
In this work, we ignored the back-reaction effects. We observe that in both extremal and nearly extremal cases δ fin < ∼ M ǫ 2 . This indicates that, the violation of WCCC derived in this work can possibly be fixed by employing back-reaction effects.
